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5.6 Thechain rule

The composition g - f of the functions f and g is the function

(g > H)(x) = g(f(x)).

This means, "do the function f to x, then do g to the result.”

Example. g(x) =x2 and f(x) = (3x+1).
Then (g » f)(x) = g(f(x)) = g(3x+1) = (3x+1)2.

But (f o g)(X) = f(g(x)) = f(x2) = 3x2 + 1.
Just asin thisexample, usually g fandf - garenot the same.

Example. Write (2x+3)%asg o f, by telling what is g and what isf.
Solution. Inge f, gtellsthelast thing done. So g(x) = x#. Simultaneously, f tellswhat g
isdoneto, so f(x) = 2x+3.

Example. WriteV(5x3 +7) asgo f.

Solution. g(x) =vVx sincethe last thing done isto take the square root. And

f(x) = 5x3 + 7.

The main result for differentiation of compositions of functionsis called the "Chain Rule."

Chain Rule. Suppose f and g have derivatives. Then

(g f)(x) =g f ().

We will seethisin many guises. Following isthe result where g(u) = u", so

(g Hx) = FONN.

Example. If k(x) = (3x2+1)10, find k'(x)
Solution. We recognize that k(x) = (g o f)(x) where g(x)= x10 and f(x) = (3x2 + 1).

Henceg'(x) = 10 x9 and f '(x) = 6 x.
By the Chain Rule
k'(x) =(gef)(x) =g(f(x)) f'(x)
=10 (3x2+1)9 (6x)
= 60 x(3x2+1)9 .
Thiskind of example occurs so often that there is an explicit formulafor differentiating a
power:
Corollary. (Power Chain Rule) For any integer,
Dx[ [f(QIN] = n [f()]"-1 Dx[f(x)]

In words, to find the derivative of an expression to any power, find
old power * expression to one lower power * derivative of the expression



We will now redo the prvious example, using the Power Chain Rule rather than the Chain
Rule. The Power Chain Ruleisabit shorter and easier, but also one more thing to
remember.

Example. If k(x) = (3x2+1)10, find k'(x)

Solution. By the Power Chain Rulewith n = 10, f(x) = (3x2+1), we find
k '(x) = 10 (3x2+1)9 Dx(3x2+1)

=10 (3x2+1)9 (6x)

= 60 x(3x2+1)9

Example. Let g(x) = (x3 + 2)4

(@ Find g'(x).

(b) Find the equation of the line tangent to the curvey = g(x) when x = 1.
Solutions.

(a) By the Power Chain Rule,

g(x) = 4 (x?+2)3 (3x2)
=12 x2 (x2+2)3

(b) Whenx =1,y =g(1) = (13+2)4=34=181.
the slopeis g'(1) = 12(1)(12+2)3 = 12(3)3 = 324.
Hencethelineisy =y1 + m(x-x1)

y = 81 + 324(x-1)

y = 81 + 324x - 324

y =324 x - 243

Example. Find d/dt £ 3/(t2+1)4]

Solution. d/dt [ 3/(t2+1)4] isthe derivative of 3 (t2+1)-4
= didt[ 392+1)-4]

= 3 (-4) (t2+1)" Dy(t2+1)

=-12 (t2+1)-5 (21)

=-241 (t2+1)-5

Example. Letf(x) = (2x3+3)7

(& Find the derivative of f.

(b) Find theinstantaneous rate of changewhenx =1
Solution.

@f' ' (x)= 72x3+3)7-1Dy2x3+3)
=72x3+3)6(6x2)

=42 x2 (2x3 +3)6

(b) Theinstantaneousrate of changeisf '(1) = 656,250.

Example. If f(t) =7 (3t4-1)°, find f '(t).
Solution.

f'(t)=7(5) B3t4-)4Dy(3t4-1)
=35@3t4-1)4(1213-1)

We can combine the Power Chain Rule with other rules:

Example. Find Dy [ x2 (x3 + 2)9].
Solution. Sincethe expression is aproduct, we first use the product rule:
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Dy [ x2 (x3 + 2)3].

=x2Dx [ (3 +2)9].+ (x3+2)2Dx[x?].
=x2 (5)(x3 + 2)4 Dy[x3+2].+ (x3 + 2)5 (2x)
=5x2 (x3 + 2)4 (3x2).+ (x3 +2)° (2x)

= 15x4 (x3 + 2)4 + 2x(x3 + 2)°

Example. Find the derivative of (x2 + 1)4 (2x3)
Solution.

(x2 + 1)4 Dy(2x3) + (2x3) Dx[(x2 + 1)4]

= (x2 + 1)4 (6x2) + (2x3) 4 (x2 + 1)3 Dy[(x2 + 1)]
= (x2 + 14 (6x2) + (2x3) 4 (x2 + 1)3 (2X)

= (x2 + 1)4 (6x2) + (16x%) (x2 + 1)3

Example. Find the derivative of x2
(x2+2)3
Solution
Thisis (x2+2)3 Dy (x2) - x2 Dy[(x2+2)3]
[(x2+2)3]2

[(x2+2)3]2

= (x2+2)3 (2x) - X2 3(x2+2)2(2x)
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Example. Find Dx [ (x3+2)4 (x2+3)9]

Solution. We use the product rule:

Dx [ (x3+2)4 (x2+3)3]

= (x3+2)4Dx [ (x2+3)9]+ (x2+3)° Dy [ (x3+2)4]

= (x3+2)4 5 (x2+3)4 Dy [ x2+3]+ (x2+3)3 4(x3+2)3 Dy [ x3+2]
= (x3+2)4 5 (x2+3)4 (2X)+ (x2+3)° 4(x3+2%3 (3x2)

= 10x(x3+2)4 (x2+3)4 + 12 x2 (x2+3)5 (x3+2)3

It is not always easy to decide what is the smplest form for the answer, since what is
simplest depends on the use that is to be made of the formula. In this case, we can factor

out x from both terms, aswell as (x3+2)3 since both terms contain that many powers of
(x3 + 2), and (x2 + 3)4 since both terms contain that many powers of (x2 + 3). We obtain

10x(x3+2)4 (x2+3)4 + 12 x2 (x2+3)9 (x3+2)3
=x (x3+2)3 (x2 + 3)4[ 10 (x3 + 2) + 12 x (x2+3) ]
=x (x3+2)3 (x2 + 3)4[ 10 x3 + 20 + 12 x3+36 X |
=x (x3+2)3 (x2 + 3)4 [ 22x3 +36 x + 20]

which isthe best form for the answer.

The use of the Power Chain Rule also leads to the following formula:
Theorem Dy [ xN] =n xN-1 for all constantsn.

Example. Dy [x/7]
= (5/7) x(8/7)-1
= (5/7) x- (A7)

Expressions written with surds are just powers written in afunny way. To find their
derivatives, rewrite them in terms of their powers.

Example. Dy [VX]
=Dx [xV/2]
= (1/2) X -1/2

Example. Dx [ cuberoot of x2]
= Dx [ x23]

= (2/3) x(2/3)-1

= (2/3) x(-1/3)

The power chain rule aso works in this setting with constant exponents

Theorem (Power Chain Rule for any constant exponent) For any constant n,
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DxI [f()I] = n [f(x)]"-1 Dx[f(x)]

Example. Dx [ V(x3+4)]

= Dy [(x3+4)(1/2) ]

= (12) (x3+4)(12)-1 Dy (x3+4)
= (1/2) (x3+4)(-1/2) 3x2

= (3/2)x2 (x3+4)(-1/2)

Example. Dy [ x(x2+1)1/4]

x Dx [ (x2+1)1/4] + (x2+1)1/4 Dy[x]

x (U4) (x2+1)(V4)-1py [ x2+1] + (x2+1)V/4
x (U4) (x2+1)(-38)(2x) + (x2+1)V/4

(x2/2) (x2+1)(-3/4) + (x2+1)L/4

Example. Dt[ 4tV(t3)]
Dt[4t(t32)]
Dt[4 (92)]
4(5/2) t(5/2)-1
=101t3/2

Problems for 5.6

1. 1f f(x) = (2x2 + 3)8, find f '(x).
Ans. 32 x (2x2+3)7

2. 1f g(x) = (3x3 + 2x + 1)6, find g'(x).
Ans, 6 (3x3 +2x + 1)2 (9x2 + 2)

3. Find Dx [ (x3 + 1)9]
Ans. 15x2 (x3 + 1)4

4. Suppose P(t) = (t4 +1)4

(& Find P(t).

(b) Find the equation of thelinetangenttoy = P(t) at t = 1.
(c) Find the instantaneous rate of changewhent = 2.

Ans:

(@ 1613 (t4+1)3

(b) y= 1281t-112

(c) 628,864

5. Supposef (x) = x3 (x2 + 1)4

(@ Findf'(x).

(b) Findf'(2).

(c) Findthe equation of thelinetangenttoy =f(x) at x = 1.
Ans.

(@ 8x4(x2+1)3 +3x3(x2+1)4

(b) 112



(c) y=112x-96

6. Suppose g(x) = 2x2 (3x3 + 1)3

(@ Find g'(x).

(b) Find g'(1).

Ans.

(@ 54x4(3x3+1)2+4x(3x3+1)3
(b) 1120

7. Find the derivative:

(@ (x3-4x2+5)°

(b) V(2t2- 304

(©) 2x2 (3x+7)4

(d) V(x4 +3)

(e) 5x/(2x+1)3

() (x2 + 3)3/4

Ans. (a) 5(x3-4x2+5)4(3x2-8x)
(b) -4 (2t2-31) -9 (4t -3)

(€) 24 x2 (3x+7)3 + 4x (3x+7)4
(d) 2x3(x4+3)-12

(e (5-20x)/(2x+1)4

(f) (3x/2) (x2 + 3) -V/4

8. Find the equation of the line tangent to the graph of y = 3/(x-2)2 at x = 1.
Ans. y =6x-3

9. Suppose g(x) = 2x+1

(@ Find g'(x).
(b) Find g'(2).

Ans.

@ 12x+7
(3x+1)4

(b) - 19/256

10. Supposef(x) = 2x+1

(@ Findf'(x).
(b) Findf'(2).
Ans.

@ 2X+6

(b) 8



11. Supposeg(x)=  2x3

(& Find g'(x).
(b) Findthedopeof thelinetangenttoy = g(x) at x = 2.
Ans:
@ x2(6-10x?)
(x2+1)°
(b) - 136/ 3125

12. Suppose g(t) = 2t2 + 3t + 3vt
(& Findg'(t)

(b) Find g'(4).

Ans:

(@ 4t+3+(3/2)t1/2

(b) 19.75

13. Suppose f(x) = (2 x3 + 3)-4.

(@ Findf'(x).

(b) Find the dope of thelinetangent toy = f(x) wherex = 1.
Ans  (a) -24 x2 (2 x3+3)-0

(b) -0.00768

14. Suppose g(x) = (3 x2 + 1)~(2/3),

(@ Findg' (x).

(b) Find the dope of the line tangent toy = g(x) where x = 2.
Ans.  (a) -4 x (3x2 + 1)~(5/3)

(b) -0.1113058

15. Supposeg(x) = (4 x - 3)-(1/2),
(& Findg' (x).
(b) Find the dope of the line tangent toy = g(x) wherex = 1.
Ans  (a) -2 (4x - 3)-(3/2)
b) -2

16. Suppose f(x) = V(x3 +1)
Find f '(x).

Ans. (3/2) x2 (x3 +1)-1/2

= 3 x2

17. Suppose f(x) = (x3 +1)4/3
Find f '(x).
Ans  4x2(x3+1)1/3

18. Suppose f(x) = x V(2x2 +1)
Find f '(x).
Ans. 2x2(2x2+1)-(12) + (2x2 +1)(12)
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V(2 x2+1)

19. Suppose g(x) = 2 x2/3 + 3 x4/3
(@ Findg'(x)

(b) Find g'(8).

Ans:

(@) (4/3) x -(1/3) + 4x(1/3)

(b) 26/3

20. Suppose g(x) = 3 x(1/3) + 6 x(Z/3)

(& Find g'(x).

(b) Find g'(8).

(c) Findthe equation of thelinetangenttoy = g(x) at x = 8.
Ans:

(@) x"(23) + 4 x-(13)

(b) 9/4=225

(c) y=225x+255

21. Suppose g(x) = x4 (x2 + 3x + 1)6

(@) Find g'(x).

(b) Find g'(2).

Ans: (a) 6x4 (x2+3x+1)2 (2x+3) +4x3(x2+3x+1)6
(b) 156,250

22. Suppose g(x) = (x2 + 1)3 (x2 + 2x + 3)4
Find g'(x).
Ans: 8 (x+1) (x2+ 1)3 (x2+ 2x + 3)3 + 6x (x2 + 1)2 (x2 2x + 3)4

23. Suppose g(x) = (2x+1)2
(x2 +2x + 3)3
Find g'(x).
Ans: (2x+1) (6 - 10x - 8 x2)
(x2 + 2x + 3)4
24. Suppose g(x) = V(2x+1)
Vex+2)
(@ Find g'(x).
(b) Findg'(2)
Ans: (a) 1

2 (3x + 2)3/2 (2x+1)1/2
(b) 0.02582

25. Suppose P(t) = t2 t(3/5),
(& Find P(t).
(b) Find the instantaneous rate of change of Pwhent = 32.
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Ans
(@) (13/5) t(8/5)
(b) 3328/5=665.6

26. Suppose g(x) = (3x+2)

(x2 + 4x + 1)2
Find g'(x).
Ans:

9x2+20x + 13
(x2+4x+1)3

27. SupposeP(t) = 612

(@ FindP(t).
(b) Find the instantaneous rate of change of Pwhent = 8.
Ans: (@ 8t(13) (b) 16
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