MATH 515 Fall 2007 Final Exam

Explain your answers carefully!

1. If £ C R” has finite measure, and f is a bounded, measurable
function on F, define the L? integral average

= (o /. f(x)lpdl);

for 1 <p < co. Show that if p < ¢ then A, < A,.

Solution: By Holder’s inequality, using conjugate exponents

4 9 e have

[ir@rar< ([ |f<x>\qu)p/q ([ 1dx)1_p/q

m(E)AL < (m(E) AN/ i (E)\ P/

Canceling powers of m(E) and taking the p’th root gives A, <
A,

or

2. If X,Y are metric spaces, f : X — Y is continuous and K C X is
compact, show that the image f(K) is compact in Y.

Solution: Let {O,}aca be an open cover of f(K) in Y. Since
f is continuous it follows that f~1(0,) is open in X for every «
and 80 {f71(O4)}aca is an open cover of K. By compactness

K - U f_l(OOéj)
j=1

from which it follows that {O,,,...O,, } is a finite subcover of
f(K).

This can also be done by verifying that f(K) is sequentially
compact.
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3. Let X = (0,1] and p(z,y) = i

vl

1
(a) Show that < X, p > is a metric space.

(b) Is it a complete metric space?

(c) Is the metric equivalent to the usual metric py(z,y) = | — y|?

Solution: Clearly p : X — [0,00), p(z,y) = 0 if and only if
=1y, p(z,y) = p(y, ) and
1 1 1 1

-2l <
r Yy r oz

1 1
# 2= 2] = ) + ptenn

plx,y) = -7

so < X, p > is a metric space.

< X, p > is complete: If {x,} is Cauchy in X, pick N such that
p(xp, xm) < 1 for n,m > N. Then in particular

1 1

Ln TN

<1 n>N

so that z, > > 0 for n > N where 6 = 2

v —y| = xyp(z,y) < p(z,y)

so that {z,} is also Cauchy in the standard metric. It follows
that there exists x > d such that z,, — x in the standard metric,

Therefore | |
Ty — T
plan, ) < = n=N

which implies x,, — x in < X, p >.

The metrics are not equivalent: For example

pl,1) 1
= — — 0
lz—1] =

as r — 0.

4. Let E={f € C(]0,1)) : f1f2 )dxr < 1}. Show that E is an open,
unbounded set in C(]0, 1]).
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Solution: Let f € Fand 0 =1 — fo f3(x)dz > 0. Let

5
e=min (1, ———
( 2||fH+1>

Then if g € C([0,1]) and ||g — f]| < € we have

[ owde = [ o)1) +25@ o)~ )+ 1) o
0 0

<eE+2|fl|+1-6< 1

Thus B(f,e) C E, so E is open. (You could also do this by
showing E° is closed.)

If fu(z) = vn—n?z for 0 <2 < -, fn( ) = 0 otherwise, then
fn € C([0,1]), and fo fa(x)?dz = 3, so f, € E for all n, but
|| full = v/n — 00 asn — oo, so I is not bounded.

5. If f is absolutely continuous on [a, b] and f(z) # 0 on this interval,
show that g(z) = ﬁ is also absolutely continuous.

Solution: Since f(z) # 0 on [a, b], there must exist r > 0 such
that |f(x)| > r for all x € [a,b]. If € > 0 there must exist 6 > 0
such that .

D () = flag) < e

j=1
if (x;,}) are disjoint intervals in [a, b] with 377, (2 — x;) <.

j
Thus we will also then have

o 7 ~ ()
;‘9(%)_9(%] ‘_Z ‘f@jj) (z ])‘

j=1

<§Z\f f(z))] <e
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for any such collection of intervals. Therefore g is absolutely
continuous.

6. Consider the following two properties:
1) f is continuous almost everywhere.
2) f is almost everywhere equal to a continuous function.

Show by example that neither property implies the other.

Solution: The function f(x) =0 for z < 0, f(z) =1 for x > 0,
satisfies 1) but not 2). The function f(x) =0 for z € Q, f(z) =
1 otherwise, satisfies 2) but not 1).

7. Let f € L'(0,1) and
1
g(x):/@dt 0<z<1

Show that g € L1(0,1) and
1 1
| sty [
0 0

Solution: We first check that g € L(0,1):

[ oo = [[| [ 5 alar < [ ([P ) a
:/Ol’f(Tt)' </Ot da:) dtzfol\f(t)ldt

where the exchange of order of integration is justified by Tonelli’s
Theorem. It follows also that the function

t
F(x,t)=¥ r<t<l F(z,t)=0 0<t<z
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in in L'((0,1) x (0,1)). Thus by Fubini’s Theorem

/Olg(x)da::/;/:@dtd:p:/ol/olp’(x’t)dtdx
[ e 22 4)o f0n
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